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Abstract: In previous researches, borehole wire-line logs were described as fractional Brownian motions (fBms) characterized by Hurst (or Hölder) exponents which measure their global regularity degrees. Since theses monofractals are everywhere regular with the same Hölder exponent, they do not reflect the depth-evolution of the local regularity of the logs. For this purpose, we suggest a general framework, multifractional Brownian motion (mBm), to describe well logs and propose an algorithm based on the generalized quadratic variations (GQV) to estimate the local Hölder exponent function. First, synthetic logs data simulated by the successive random additions (SRA) method are used to assess the potential of this algorithm; it is observed that the estimated Hölder functions (or regularity profiles) are very close to the theoretical Hölder functions. Second, this analysis is extended to sonic logs data recorded at the KTB pilot borehole. The obtained regularity profiles allow to perform a lithological segmentation and to identify fault contacts on the geological layers crossed by the well. A strong correlation between the variations of the Hölder exponent value and the lithological changes is also noted. 
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Une nouvelle approche pour l’examen de régularité locale des enregistrements de diagraphie

Résumé : Dans les recherches précédentes, les enregistrements diagraphiques ont été décrits comme des mouvements Browniens fractionnaires (fBms) caractérisés par des exposants de Hurst (ou de Hölder) qui mesurent leurs degrés de régularité globale. Comme ces mono-fractals sont partout réguliers avec le même exposant de Hölder, ils ne reflètent pas l’évolution en profondeur de la régularité locale des logs. Nous suggérons alors un cadre plus général, le mouvement Brownien multifractionnaire (mBm), pour décrire les logs, et proposons un algorithme basé sur les variations quadratiques généralisées pour estimer la fonction de l’exposant de Hölder local.  Dans un premier temps, des données de logs synthétiques, simulées par la méthode des sommations aléatoires successives, ont été utilisées pour apprécier le potentiel de cet algorithme; il a été montré que les fonctions de Hölder (ou les profils de régularité) estimé(e)s sont très proches des fonctions de Hölder théoriques. Ensuite, cette analyse a été étendue aux données de logs sonic enregistrées dans le puits pilote du KTB. Les profils de régularité obtenus ont permis d’effectuer une segmentation lithologique et d’identifier des contacts de failles sur les couches géologiques traversées par le puits. Une forte corrélation entre les variations de la valeur de l’exposant de Hölder et les changements lithologiques a été également notée. 

Mots clés : logs de puits, exposant de Hölder, fractal, multifractionnaire



1. Introduction

Borehole measurements are an essential complement to exploration activities (seismic, drilling, etc.) because they provide additional information from the borehole that can not be derived from other subsurface investigations. The analysis of these recorded data may bring further information about the earth’s heterogeneities. 
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Numerous studies have shown that borehole wire-line logs may be described by non-stationary fractional Brownian motions (fBms). These monofractal processes are characterized by a fractal 
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-power spectrum model where k is the wavenumber and H is the Hurst exponent (Todoeschuck et al., 1990; Pilkington and Todoeschuck, 1991; Bean, 1996; Dolan and Bean, 1997; Dolan et al., 1998). The Hurst parameter H gives an indication about the self-similarity degree and long-range dependence of the well log. When
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, the process is reduced to the ordinary Brownian motion (namely the process has no memory); for 
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, it is characterized by a persistence (positive or negative)- namely the process shows a clear trend; and finally, for 
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, it exhibits an anti-persistent behavior. From a regularity point of view, the pointwise Hölder exponent is almost surely equal to H for all the samples of the fBm; the higher H, the more regular the fBm. The estimation of the H parameter can be carried out using several methods (Dolan and Bean, 1997; Dolan et al., 1998, Leonardi and Kümpel, 1998, 1999; Malamud and Turcotte, 1999; Arizabalo et al., 2004, 2006; Chamoli et al., 2007). Indeed, fBms are everywhere singular with the same Hölder exponent, and thus do not suit to study well logs whose local regularity varies rapidly with depth. The introduction of a multifractal analysis is inappropriate, since it yields a global map of the statistical distribution of regularity, and all depth-dependent information is lost on the multifractal spectrum. Recently, developed stochastic models and associated regularity estimation methods allow to investigate the depth-evolution of the local regularity even on extremely erratic data. Specifically, in this study, we will consider the multifractional Brownian motion (mBm) as a model for borehole logs and use algorithm based on the generalized quadratic variations (GQV) for estimating their regularity profiles. This analysis attempts to complete the approaches suggested in our previous researches (Gaci and Zaourar, in press; Gaci et al., 2010, in press).

The present paper is organized as follows. First, we present a short description of the mBm model and the GQV algorithm. Then, we show the results obtained by this technique on synthetic logs data simulated by the successive random additions (SRA) algorithm. Finally, the GQV algorithm is implemented on P- and S-wave sonic measurements recorded at the KTB pilot borehole.  

2. Theory

Multifractional Brownian motion
One of the models which can be used to describe the behavior of the borehole wire-line logs is the mBm which generalizes the fBm. Then its introduction requires the recalling of the main features of its famous special case (fBm).

Defined by Mandelbrot and Van Ness (1968), the fBm is characterized by a slowly decaying autocorrelation function depending on the parameter
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, named Hurst exponent, and admits the following moving average representation:
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 where dB stands for the ordinary Brownian motion process motion and G represents a strictly-positive scaling parameter:
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 with C as a positive constant. If G = 1, the motion is said standard.

The process
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)

t

B

H

 is self-similar of parameter H and has stationary increments. Its covariance function is expressed as:
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The fBm can be generalized by replacing the constant Hurst parameter H by a function H(t). This extension leads to define the mBm which has the following representation (Peltier and Lévy-Véhel, 1995; Lévy -Véhel, 1995; Ayache and Lévy- Véhel, 2000):   
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where 
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 is required to be a Hölder function of order 
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 to ensure the continuity of the motion. In the case of the Hurst function 
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 is reduced to a simple fBm. The mBm’s increments are in general neither independent nor stationary. It can be shown that they display long range dependence for all admissible non-constant regularity functions 
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 (Ayache et al., 2000). Contrarily to fBm, the pointwise Hölder exponent of 
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, may depend on the location. It equals with probability one to 
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 for each t (Peltier and Lévy-Véhel, 1995; Benassi et al., 1997; Ayache and Taqqu, 2005; Ayache et al., 2007):
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Thus, mBm allows to describe and to model phenomena whose regularity varies in time/space. Recall that the pointwise Hölder exponent of a stochastic process 
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Another important property of mBm is that it does not remain self-similar but is locally asymptotically self-similar (in short LASS). That means that for each t, there is a fBm of Hurst parameter H(t), which is tangent to mBm (Benassi et al., 1997; Falconer, 2002; 2003).

Local Regularity Estimation

Ayache and Lévy-Véhel (2004) suggested a parametrical method to identify the Hölder exponent of mBm processes. This method is based on the computation of the so-called “Generalized Quadratic Variations” (GQV).

For a trajectory of the process
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where 
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 can be considered as “the neighborhood” of t. 

The authors demonstrated that under some conditions imposed on the constants, 
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, the following relation is satisfied with probability one for any mBm 
[image: image32.wmf](

)

(

)

t

W

t

H

.


[image: image33.wmf](

)

(

)

(

)

t

H

N

t

V

N

n

=

÷

÷

ø

ö

ç

ç

è

æ

-

-

¥

®

log

~

log

1

2

1

lim

g

d


 (7)
Consequently, an estimation algorithm of the local Hölder exponent of a mBm 
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, called here GQV algorithm, is resulted:
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3. Application to simulated sonic logs data 

In this section, the GQV algorithm is tested on synthetic sonic logs data. These logs are assumed to be mBms and modeled using the approach suggested by Peltier and Lévy-Véhel (1995). 
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A mBm path is generated by simulating N fBms with the parameters
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The fBms are shaped by the successive random additions (SRA) algorithm (Turcotte, 1997). The latter considers the time interval
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 (where n is the number of values generated by interpolation) and added to the above five values. Again these resulted five values are interpolated at midpoints and the same process is repeated until the desired number of points is obtained. 

For the need of simulation, we have written our own Matlab codes for running the SRA method and the GQV algorithm. In the following, the parameters used for the latter are chosen after tests and set to: 
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First of all, paths of mBm are created with four types of Hölder functions: linear
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Then, the convergence of the estimator is assessed on the basis of 1000 realizations of the mBm paths. For each Hölder function, we establish histograms of Hölder exponent values obtained by the suggested algorithm from the simulated mBm paths at a fixed position whose index is 
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 (where N=4096 is the number of samples of the mBm paths). From Figure 1, it can be seen that the resulted histograms follow a Gaussian distribution with small values of standard deviations and biases (Table 1).

Finally, for the purpose of illustrating the efficiency of the algorithm, an mBm path of length N=8092 is generated for each Hölder function (Fig. 2). The results showed that the estimated Hölder functions (blue line) are very close to their respective theoretical Hölder functions (green line). In addition, their error functions, which are calculated as the difference between the corresponding estimated and theoretical Hölder functions, show values mostly ranged between -0.13 and 0.03. That confirms again the GQV algorithm accuracy in estimating the Hölder exponent value of mBm processes.

4. Application to KTB sonic logs data

Here, the application of the GQV algorithm is focused on sonic logs data measured at the pilot borehole (‘’Vorbohrung’’, VB) drilled for the German Continental Deep Drilling Program (KTB). This borehole is located in the south-eastern of Germany and reaches depths of about 4000m in crystalline basement rocks. The main lithological units characterizing the KTB site are: paragneisses, metabasites and alternations of gneiss and amphibolite.

The logs considered in this study are the P-wave velocity (Vp) log and the S-wave velocity (Vs) log data recorded in the depth interval (28.194 – 3990.137 m) with a sampling interval of 0.1524 m (6 inches). Both velocity logs display an increasing trend of the velocity with depth due to the increasing consolidation of the crystalline rocks. This tendency can be observed on the blue lines fitting the velocity logs (a1 and a2 in Fig. 3). The trend removal is an important step in the processing of random velocity data (Bendat and Piersol, 1986; Shiomi et al., 1997; Li, 1998). In the case of the trends are not eliminated from data, large distortions can occur in the processing of correlation and spectral quantities. The suppression of trends changes also the raw well data, which are generally non-Gaussian and non-stationary, to be approximately Gaussian and stationary. However, by normalization (or standardization), the obtained series have zero mean and unit variance. These intermediate operations are likely to yield more accurate Hurst estimations (Li, 2003). On the other hand, it is worth noting that the implementation of the GQV algorithm requires the normalization of the mBm.

In the present study, linear trends are fitted using least-squares procedures and are removed from the velocity logs. Then, the stochastic component s(z) corresponding to each log is defined as (Shiomi et al., 1997; Zaourar et al., 2006):
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where z is the depth, a0 and a1 are coefficients determined by linear regression (least-squares fitting procedures) and presented in Table 2. The next step is to implement the GQV algorithm on each stochastic component to obtain the corresponding Hölder function.

	Type
	a0 (m/s)
	a1 (1/s)

	Vp
	5527
	0.1222

	Vs
	3182
	0.1073


Table 2.
Least-squares fitting coefficients (a0 and a1) related to sonic logs recorded at the pilot borehole (VB).


Coefficients d’ajustement au sens des moindres carrés (a0 et a1) correspondant aux logs sonic du puits pilote (VB).

Figure 3 presents the velocity logs (red line) with their respective linear trends (blue line), their respective stochastic components, and finally their respective estimated Hölder functions. It is observed that both the estimated regularity profiles, Hp(z) and Hs(z), derived respectively from Vp(z) and Vs(z), exhibit a similar behaviour, and the Hölder exponent estimates are generally less than 0.5.

Using a geological section crossing the KTB borehole (Fig. 3d), a lithological segmentation is established by reporting the lithological changes on the estimated regularity profiles. The variation of the Hölder exponent value with depth allowed identifying the limits of the lithological units crossed by the well, shown in gray line. These units are: AU1-AU2-AU3 (for amphibolite units), VU1-VU2 (for variegated units), and GU1-GU2-GU3 (for gneiss units). Besides, the segmentation put in evidence the presence of five faults: F1, F2, F3, F4 and F5, presented in blue line. A lithological discontinuity, which corresponds in our case to a transition between adjacent lithological units or to faults contacts, is generally reflected on the regularity 

profile by an abrupt jump of the Hölder exponent value. 

The limits of the amphibolites units correspond to variations on both the velocity logs and the obtained regularity profiles, while the other units’ bounds match only with the changes of the Hölder exponent value. This may be due to the fact that amphibolites present the highest values of P- and S-waves velocities. In addition, the other lithological units are characterized by close velocities, hence it is difficult to distinguish them. It is worth noting that although the faults F2 and F3 are not reported on the sonic logs considering their location inside the GU2, they are identified on the regularity profiles. The GQV algorithm allowed investigating lithological discontinuities even if not put in evidence by the logs. 

For all the identified units, the histograms of the Hölder exponent values derived from the sonic logs show a Gaussian distribution (Fig. 4). The means of the Hölder exponent values derived from Vs log are larger than those resulted from Vp log, in the case of AU (0.3896 for Hp, 0.4117 for Hs) and GU (0.3925 for Hp, 0.3958 for Hs). This statement is reversed for the VU unit (0.3970 for Hp, 0.3821 for Hs). Overall, the means of the Hölder exponent values obtained from both velocity logs for the geological units are close. A lithological unit cannot be then characterized by a specific Hölder exponent values mean, but the GQV algorithm still an appropriate tool to delimit the layers owing to the computed regularity function. It is also pointed out that all the standard deviation values corresponding to Vp log are slightly larger than those associated to Vs log for each geological unit, but they are generally close and small.

5. Conclusion


This study showed that borehole wire-line logs can be assumed as mBm processes which offer the possibility to 

investigate their local multifractionality behavior by the means of the depth- dependent Hölder exponent.  

On synthetic logs simulated by the SRA method, the GQV algorithm yielded accurate Hölder functions (or regularity profiles) very close to their corresponding theoretical Hölder functions. Moreover, the potential of this estimator is demonstrated on P- and S-wave velocity sonic measurements recorded at the KTB pilot borehole. The variation of the estimated value of the Hölder exponent with depth allowed to recognize the lithological heterogeneities (faults contacts, geological layers, facies changes, etc.). The GQV algorithm may be then used to characterize subsurface heterogeneities using the estimated regularity profile. 
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Fig. 1.	Histograms of Hölder exponent values obtained by the GQV algorithm. The histograms are resulted from 1000 realizations of mBm paths simulated with four types of Hölder function: (a) linear (b) periodic (c) logistic (d) synthetic.


Histogrammes des valeurs de l’exposant de Hölder obtenues par l'algorithme de GQV. Les histogrammes sont résultés de 1000 réalisations des trajectoires des mBms simulées avec quatre types de fonction de Hölder H(t): (a) linéaire (b) périodique (c) logistique (d) synthétique.








Table 1.	Statistical parameters of Hölder exponent values obtained from simulated mBm paths using four types of Hölder function.


Paramètres statistiques des valeurs de l’exposant de Hölder obtenues à partir des trajectoires de mBm simulées avec quatre types de fonction de Hölder.





Parameters- Hölder functions�
H1�
H2�
H3�
H4�
�
Theoretical H-value �
0.4999�
0.4991�
0.3000�
0.3305�
�
H-values mean �
0.4273�
0.4261�
0.2233�
0.2554�
�
Standard deviation �
0.0237�
0.0242�
0.0233�
0.0234�
�
Bias�
-0.0726�
-0.0729�
-0.0767�
-0.0751�
�






Fig. 2.	The application of the GQV algorithm to a mBm path simulated with four types of Hölder function H(t): (a) linear (b) periodic (c) logistic (d) synthetic.In the left, the simulated mBm path, in the middle, the Hölder exponent function estimated by the GQV algorithm (in blue line) and the theoretical Hölder function (in green line) and in the right, the error function which is calculated as the difference between the estimated and the theoretical Hölder exponent functions.


	L'application de l'algorithme GQV à une trajectoire d'un mBm simulée avec quatre types de fonction de Hölder H(t): (a) linéaire (b) périodique (c) logistique (d) synthétique. A gauche, la trajectoire du mBm simulée, au milieu, la fonction de l’exposant de Hölder estimée par l'algorithme de GQV (en bleu) et la fonction théorique de Hölder (en vert) et à droite, la fonction erreur qui est calculée comme étant la différence entre les fonctions de l’exposant de Hölder estimée et théorique.








Fig. 3.	Results obtained by the application of the GQV algorithm to sonic measurements recorded at the pilot borehole (VB). (a1), (b1) and (c1) correspond to P-wave sonic log, while (a2), (b2) and (c2) are related to S-wave sonic log. Sonic logs (in red) and their respective global linear trends (in blue): (a1) Vp(z) (a2) Vs(z). Stochastic components: (b1) Sp(z), (b2) Ss(z) extracted, respectively, from (a1) and (a2); Hölder exponent functions: (c1) Hp(z), (c2) Hs(z); (d) a lithologic sketch modified from �HYPERLINK "http://icdp.gfz-potsdam.de/html/ktb"�http://icdp.gfz-potsdam.de/html/ktb� Blue line: faults contacts; gray line: lithological changes.


		Résultats obtenus par l'application de l'algorithme GQV aux mesures sonic enregistrées au puits pilote (VB). (a1), (b1) et (c1) correspondent au log sonic en ondes P et (a2), (b2) et (c2) sont relatifs au log sonic en ondes S. Logs sonic (en rouge) et leurs tendances linéaires globales respectives (en bleu): (a1) Vp(z) (a2) Vs(z); Composantes stochastiques: (b1) Sp(z) (b2) Ss(z) extraites, respectivement, de (a1) et (a2); Fonctions de l’exposant de Hölder: (c1) Hp(z), (c2) Hs(z); (d) esquisse lithologique modifiée de �HYPERLINK "http://icdp.gfz-potsdam.de/html/ktb"�http://icdp.gfz-potsdam.de/html/ktb� En bleu : contacts des failles, en gris: changements lithologiques.





Fig. 4.	Histograms of Hölder exponent values obtained by the GQV algorithm from P- and S-wave sonic logs for the identified lithological units. (a1), (b1) and (c1) correspond to P-wave sonic log, while (a2), (b2) and (c2) are related to S-wave sonic log. Amphibolite units: (a1) and (a2); Variegated units: (b1) and (b2); Gneiss units: (c1) and (c2).


		Histogrammes des valeurs de l’exposant de Hölder obtenues par l'algorithme GQV à partir des logs sonic en ondes P et S pour les unités lithologiques identifiées. (a1), (b1) et (c1) correspondent au log sonic en ondes P et (a2), (b2) et (c2) sont relatives au log sonic en ondes S. Unités d’amphibolites: (a1) et (a2); Unités bariolées: (b1) et (b2); Unités de gneiss: (c1) et (c2).
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